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Data obtained from the early portion of sedimentation velocity experiments may be analyzed to simultaneously esti- 
mate both s and sfD. The C versus r data obtained are analyzed u&g a nonlinear least squares algorithm and an approsi- 
mate solution to the Lamm equation. This procedure was tested both with simulated noisy data and with experimental 
data obtained using ribonuclease, ovalbumin, and somatostatin*dodecylsulfate. The procedure assumes that both s and D 

are independent of concentration_ The results suggest that optimal estimation of both s and s/D is obtained at values of 
E(= u)/(s-w*-rz)) in the range of 0.002 to 0.01 and values of F(= 2 s&t) less than 0.04. Appropriate selection of rotor 
speed allows the estimation of both s and s/D for nearly globular macromolecules in the range of lo4 to 10’ daltons with 
data obtained during the first 3000-5000 seconds of a sedimentation velocity experiment_ 

I _ Introduction 

Some fifty years after the development of analyt- 
ical ultracentrifugation by Svedberg and his col- 
laborators, there remain only three types of experi- 
ments which are in wide use. The most notable as- 
pect of current ultracentrifugal practice is that it 
does not use the great majority of the data which 
may be generated during the time course of the ul- 
tracentrifugal experiment_ The conventional low 
speed or meniscus depletion experiments using 3 mm 
columns continue the experiment until equilibrium 
is closely approached, and the data are analyzed using 
the slope of the In C versus r?- plot to yield estimates 
of molecular weight_ The data generated during ap- 
proach-to-sedimentation equilibrium have been an- 
alyzed using extrapolations to the ends of the solu- 
tion column [l] , although as Fujita has pointed out, 
there is no generally agreed upon procedure for the 
required extrapolations [2] _ Sedimentation velocity 
data are usually analyzed using the midpoint of the 
boundary curve, r*, and plotting In T* versus time 
to estimate the sedimentation coefficient. 

As a means of macromolecular characterization, 
each of these methods, by itself, is not entirely satis- 

factory. The sedimentation equilibrium method is 
not useful for macromolecules which are unstable 
and requires long experimental times for very large 
macromolecules. In addition only the parameter s/D 
is available from the data obtained at equilibrium. 
The sedimentation velocity procedure currently used 
yields only a value for s, although procedures are 
available to estimate D separately [2] _ The Archibald 
procedure requires extrapolation of the experimental 
data to yield (dc/&), and yields only a value for s/D. 
The diffusion coefficient may be estimated from the 

same data only if the quantity AC& is available [3] _ 
The use of Fujita’s approximate Archibald-type 

solution to the Lamm equation [4] has been used 
to provide reliable estimates of s/D for data obtained 
during the early portion of approach-to-sedimentation 
equilibrium [S] _ The estimates for the sedimentation 
coefficient obtained with this method were not reli- 
able, differing as much as 30% from their correct val- 
use_ It seemed possible that an experiment using hi&her 

rotor speeds might provide data which could be used 
to reliably estimate both s and s/D simultaneously. 
Unfortunately, the Fujita solution is in the form of 
an infitite series which converges at very slow rates 
for values of e-7 smaller than 0.01, where E = W/ 
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(so’<) and r = 2&r. A typical sedimentation ve- 
locity run has ~-7 = 0.0003 at the midpoint of the 
experiment. An approximate solution to the Lamm 
equation based on the semi-infinite cell approxima- 
tion and Fujita’s approximation that (r/~~)~ = ((rr,/~,)~ 
+ 1)/2 (7, is the radial distance to the solution menis- 
cus) has been derived [6] _ The approximate solution 
used accounts for the effect of radial dilution and 
assumes concentration independence ofs and D. This 
study deals with the use of this approximate solution 
with a nonlinear least squares algorithm using sedi- 
mentation velocity data to rapidly estimate both s 
and s/D. 

2. Materials and methods 

2.1. Nonlinear Ieast squares cigorihn 

The algorithm estimates three parameters: s, D/s, 
and Co. The method is based on Marquardt’s algo- 
rithm [7] as implemented in the ZXSSQ routine of 
the International Mathematical and Statistical Libra- 
ry [S] _ The ZXSSQ routine uses a finite difference 
method for estimation of the required partial deriva- 
tives [9] _ The algorithm seeks to minimize the resi- 
dual sum of squares (= Z(Cexp - Cetimated)2) by 

iteratively improving the starting estimates for s, D/s, 
and Co. The value of the Marquardt parameter h is 
adjusted each iteration such that a reduction in the 
residual sum of squares was obtained. It was found 
that in some instances when the iteration process 
failed due to A exceeding the preset limit (500,000) 
that convergence could be obtained when a different 
scaling factor was used. The initial value of h was 
0.01 and the scaling factor was in the range of from 
2 to 5. Convergence was considered attained when 
the residual sum of squares for two successive itera- 
tions had a relative difference of less than 1 X IO-4 
or when all three parameter estimates were constant 
to four digits. In the analysis of simulated data the 
initial guesses for s, D/s, and Co were 6.5 X IO-13 s, 
1.01 X lo6 cm2/s2, and 095. For the ovalbumin 
data the initial guesses for s and D/s were 4.0 X 
lo-r3 s and 2.0 X lo6 cm’/s’. The initial guess for 
Co was computed from the plateau concentration 
at about 200-500 s. For ribonuclease the initial 
guesses for s and D/s were 2 X lo-l3 s and 0.5 X lo6 

cm*/s*. For somatostatin-dodecyl sulfate the initial 
guesses for s and D/s were 1 X 1 O-l3 s and O-7 X 106 
crn2/s2. The algorithm required from 5 to 15 itera- 
tions to reach convergence with these initial estimates. 
Standard errors of the parameter estimates were com- 
puted using the assumption [lo] that the parameter 
variance-covariance matrix Ve = 2u2N--1 _ The quan- 
tity OD,, = (x&(ODexp - ODcal#)/(” - 3))li2, 
where n is the number of data points. 

2.2. Proteins and reagents 

Three times recrystallized bovine ribonuclease 
(code KOG-B) and two times recrystallized ovalbumin 
(code 38S928) were purchased from Worthington 
Eiochrmical Corporation. Sematostatin was pur- 
chased from Pierce Chemical Company_ Sodium dode- 
cyl sulfate was purchased from SchwarzfMann (Lam-y1 
sodium sulfate grade). All salts were reagent grade. 

Data were obtained with a Model E analytical ul- 
tracentrifuge equipped with electronic speed control 
and photoelectric scanner. The monochromator was 
set at 280 run, the monochromator slit at 1 .O-2.0 
mm, and the photomultiplier slit at 0.1 mm. Scans 
were taken at instrument settings which gave a re- 
cording of about 322 mm length between the two 
reference edges. An AN-H rotor with 12 mm Kel-F 
centerpiece was used; 0.430 ml of solution and 0.440 
ml of solvent were loaded in the cell. The solvent for 
somastostatin was 0.5 g/d1 sodium dodecyl sulfate, 
50 mM sodium phosphate, pH 7.0. The solvent for 
ribonuclease and ovalbumin was 0.15 M potassium 
chloride, 20 mM potassium phosphate pH 7.0. Times 
for the scans of C versus 7 were corrected for lower 
angular velocities during acceleration [3] _ The rotor 
was allowed to reach 20°C for at least one hour prior 
to acceleration at a 12 amp current until the desired 
speed was reached. Ten pairs of OD2go, T were used 
for each time point. 

2.4. Sirnulatednoisydara 

Synthetic data were generated using the approxi- 
mate solution_ Ten time points were used, equally 

spaced from r = 0.004 to 7 = 0.04. At each time point 
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the value of C was calculated at 10 equally spaced 
intervals between r = 12 e(Tj2) - 6 and r-=_ The data 
calculated covered the boundary portion of the C 
versus r curve. Normally distributed random num- 
bers (mean zero) with standard deviation 0.010 or 
0.020 were added to C. The initial concentration CO 
was taken to be 1.0. 

2.5. Molecular weight cakuIations 

The partial specific volume for ribonuclease was 
taken to be 0.695 cm3/g [I l] _ The value for the par- 
tial specific volume of ovalbumin was taken to be 
0.748 cm3/g [ 12 3 _ Densities of solvents were calcu- 
lated from available data [ 131. 

3. Results 

The effect of varying rotor speed on the precision 
of the parameter estimates is shown in table l_ Simu- 
lated noisy data (o = 0.020) were generated usinS 
s = 5 X lo-l3 s and D = 8.2 X 1O-7 cm2/s. These 
data suggest that lower rotor speeds only marginally 
improve the precision of the estimate for D/s, but 
that the precision of the estimate for s becomes ap- 
preciably poorer at lower rotor speeds. 

The usefulness of the method in the study of de- 
tergent-protein interactions is shown in table 2. Sedi- 
mentation equilibrium results [ 141 for the somato- 
statin-dodecyl sulfate complex yielded an estimate 
for M( 1 - @,,*p) of 3874 (9; is the effective partial 
specific volume)_ From the data of table 2 an esti- 
mate for M( 1 - Qqp) of 3937 f 140 is obtained, in 
excellent agreement with previous results. Fig. 1 dis- 
plays experimental and least squares boundary curves. 

Data obtained for ovalbumin are shown in table 3. 

Table 1 
Effect of E on precision of parameter estimation 

Table 2 
Somatostatin-dodecyl sulfate: 56,000 rpm, 20°C: 7fhal = 
0.038, E = 0.010 

t W ODres 

510 0.004 
1020 0.006 
1535 0.006 
2000 0.005 
2500 0.004 
3000 0.005 
3500 0.003 
4012 0.006 
4500 0.003 
5000 0.006 

Mean result: - 
Composite 

S(X 10’3) D/s (X 10-6) 

1.23 4.96 
1.15 6.51 
1.02 6.49 
1.19 6.17 
1.11 6.39 
1.11 6.17 
1.10 6.10 
1.07 6.13 
1.13 6.31 
1.11 6.34 

1.12 f 0.06 6.16 f 0.45 

result: 0.009 1.11 * 0.03 6.19 5 0.23 

Co = 0.65 OD at 280 nm (1.2 cm path)_ 

At 34,000 rpm the molecular weight is estimated to 
be 42,900 + 1,400 and the estimate for ~20,~ is 3.21 
Svedbergs. Data obtained for ribonuclease are shown 
in table 4. The molecular weight is estimated to be 
12,900 i 400. The estimate for is 1.77 Sved- s20,w 
bergs. Values for s in the tables are not corrected to 
water values. 

An important value which is required in the data 
analysis is the radial position of the solution menis- 
cus. This value occurs throughout the approximate 
solution used in this analysis. Table 5 presents data 
which show that it is necessary to carefully measure 
this quantity if reliable results are to be obtained_ 
The scanner records obtained in this study covered 
about 322 mm between the reference hole edges. It 
appears possible to routinely measure ra to within 
about 0.2 mm on the chart_ The position of the 

RPM e ODres 

60,000 0.0023 0.023 
50,000 0.0033 0.019 
40,000 0.0052 0.021 
30,000 0.0092 0.018 

20,000 0.0207 0.018 

s (X 10’3) (3 s (X 10’3) D/s (x 10-6) OD/s (x lo-? 

5.024 0.076 1.581 0.079 
5.020 0.090 1.650 0.079 
4.926 0.155 1.661 0.082 
4.940 0.218 1.626 0.063 
4.933 0.416 1.651 0.069 
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Fig_ 1. Plot of experimental (open circles) and calculated (lines) boundary shapes for somatostatin dodecyl sulfate at 56,000 rpm 
and 2dC. The boundary shapes were calculated usina the least squares estimates of s = 1.11 X lo-l3 s and L7/s = 6.19 X lo6 

meniscus was taken as the radial distance to the top 
of the meniscus spike_ This corresponds to 2 prob- 
able error in raSof about 0.001 cm. A two and a half 
fold greater error (0.0025 cm) alters s 2nd D/s by 
about 5 per cent: 

The effect of a higher molecular weight contam- 
inant on the method is shown in table 6. Simulated 
noisy data (u = 0.010) were calculated for a mixture 

Table 3 
Ovalbumin: 34,000 r-pm, 20°C: rfimal= 0.031, E = 0.011 

r (s) OD*es s (X 10’3) D/s (X lo-“) 

1060 0.002 3.26 2.06 
1540 0.003 3.07 2.34 
2020 0.005 3.08 2.27 
2500 0.002 3.16 2.29 
2980 0.004 3.20 2.37 
3460 0.003 3.14 2.38 
3940 0.004 3.13 2.51 

Mean result: - 3.15 i 0.07 2.32 2 0.14 
Composite result: 0.004 3.12 -c 0.11 2.315 0.08 

Co = 0.37 01) at 280 nm (1.2 cm path). 

for which 90% of the material had s = 5 X 1 O-l3 s, 
D = 8.2 X 10v7 cm2/s, and 10% had s = 7.94 X 
lo-l3 s with D = 6.5 1 X 10m6 cm2/s. The resulting 
estimate for s is very close to the weight-average s 
value for the mixture. The resulting estimate for 
molecular weight is close to the molecular weight of 
the principal component. 

Table 4 
Riionuclease: 56,000 rpm, 20°C: rfrn~ = 0.025, l = 0.010 

i (s) ODres A-(X 10’3) D/S(X 10-a) 

425 0.007 1.62 5.59 
665 0.004 1.71 5.44 
905 0.008 1.65 6.05 

1145 0.006 1.68 6.18 
1385 OS04 1.72 6.03 
1625 0.008 1.76 6.45 
1865 0.008 1.74 6.30 
2105 0.012 1.70 7.02 

hlean result: - 1.70 f 0.05 6.13 f 0.49 
Composite result: 0.010 1.73 = 0.04 6.32 r 0.22 

Co = 0.88 OD at 280 nm (1.2 cm path)_ 
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Table 5 Table 7 
Effect of error in re on parameter estimates Effect of 10% lower molecular weight contaminant on pa- 

rameter estimates 

*a ODres 

5.8980 a) 0.0042 
5.8881 0.0086 
5.9005 O.OWG 
5.9079 0.0061 

a) Correct value. 

s (X 10’3) DJs (x 10-6) 

3.12 2.31 
3.46 1.92 
3.03 2.42 
2.87 2.95 

r (s) 

The effect of a lower molecular weight contami- 
nant on the method is shown in table 7. Simulated 
noisy data (o = 0.010) were calculated for a mixture 

for which 90% of the material had s = 5 X 1 O-l3 s, 
D = 8.2 X IO-7 cm2/s, and 10% had s = 3.15 X 
lo-l3 s withD = 10.3 X 10e6 cm2/s_ The resulting 
composite estimate for s is close to the weight aver- 
age s, w_hile the resulting estimate for molecular 
weight is close to the weight average molecular weight. 

146 0.015 4.63 1.63 
292 0.009 4.82 1.77 
438 0.008 4.79 1.74 
584 0.009 4.77 1.63 
730 0.010 4.75 1.75 
875 0.008 4.88 1.94 

1021 0.010 4.74 1.73 
1167 0.011 4.85 1.81 
1313 0.010 4.83 1.88 
1459 0.009 4.90 I.75 

Meanresult: - - 4.8Oi 0.08 1.76 i 0.10 
Composite result: 0.010 4.82 f 0.05 1.76 * 0.04 

4. Discussion 

In the development of this method ‘the assump- 
tion is made that the sedimentation and diffusion 
coefficients are independent of concentration. A re- 
cently developed theory [ 15 J of the concentration 

Table 6 
Effect of 10% higher molecular weight contaminant on pa- 
rameter estimates 

t (s) ODres s (X 10’3) D/s (x 10-6) 

146 0.012 4.81 1.38 
292 0.006 5.38 1.65 
438 0.012 5.22 1.58 
584 0.006 5.33 1.78 
730 0.011 5.32 1.77 
875 0.010 5.23 l-58 _ 

1021 a) 0.006 5.25 1.73 
1167 0.008 5.21 1.69 
1313 0.014 5.31 1.96 
1459 a) 0.013 5.27 1.76 

Mean result: - 5.23 * 0.16 1.69 i 0.15 
Composite result: 0.011 5.23 i 0.06 1.65 f 0.05 

a) Convergence was not obtained for these two time points 
because the Marquardt parameter exceeded the set limit 
of 500,000 and iteration was terminated_ 

dependence of transport processes relates KS in the 
equation s, = so( 1 - K,c) to the intrinsic viscosity 
of a macromolecule [n] and a newly derived shape 
factor R. For spherical macromolecules the sedimen- 
tation coefficient at a concentration of 0.5 mg/ml is 
predicted to be 0.998 SO_ For macromolecules which 
are prolate ellipsoids of axial ratio ten, the sedimen- 
tation coefficient at a concentration of 0.5 mg/ml 
is predicted to be 0.995 so_ For macromolecules 
which are prolate ellipsoids of axial ratio 100, the 
sedimentation coefficient is predicted to be 0.94 so_ 
These calculations suggest that for concentrations 
suitable for use with scanner optics that the concen- 
tration dependence of the sedimentation coefficient 
will be negligible except for markedly asymmetric 
macromolecules. The concentration dependence of 
D will in general be much smaller than that for s [ 151 _ 

Fig. 2 displays suitable values of rotor speed as a 
function of molecular weight. For the upper curve 

(%lal = 3000 s) values of E range from 0.0124 to 

0.0031. For the lower curve E ranges from 0.0164 
to 0.0052. Since it is in reality the reduced dimen- 
sionless parameters r and E which determine the 
boundary position and shape, once optimal values 
of r and E are determined then it is only a matter of 
adjustmg the rotor speed and time during which data 
are accumulated such that r < 0.04 and 0.002 < E =G 
0.02. Fig. 2 shows that for this method the size of 
the molecule only marginally affects the time over 
which data should be accumulated_ Thus, this method 

ODres S(X 10'3) D/s (X lo+ 
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Fi- D_ 2. Plot of suggested rofor speed versus molecular weight 
for two data collection times. 

appears suitable for any nearly-globular macromole- 
cule. Even for molecules with molecular weights in 
excess of 5 X 105, estimates for molecular weight 
may be obtained within a few hours. 

The restriction that 7 < 0.04 arises from the fact 
that as T becomes larger and larger the assumption 
that (r/~a)~ is constant becomes untenable. The close 
similarity between the two approximate solutions 
available for the conventional sedimentation veloci- 
ty experiment [2,6] for r < 0.03 suggests that at 
early times the approximate solutions are sufficiently 
close to the exact solution. 

In preliminary experiments it was found that if 
insufficient time was allowed for complete thermal 
equilibrium to be reached within the rotor and cell 
that convection occurred during the experiment, re- 
sulting in boundary shapes which could not be fit 
to the approximate solution with the expected de- 
gree of precision. In order for correct results to be 
obtained it appears necessary for the rotor to give 
a constant RTIC reading for at least one hour prior 

to acceleration. If the cell is carefully oriented with- 
in the rotor and if thermal equilibrium has been at- 
tained, the resulting data can be fitted to the approx- 
imate solution to the expected degree of accuracy 
(about 0.005 - 0.010 OD units). Excellent initial -- 
estimates for s and Co will in general be available. 
An initial estimate for s is obtainable by plotting 
lnr* versus time, where 7* is the point at which C 
= 0.5 Co _ An initial estimate for Co is obtainable by 
determining the plateau concentration at very earljr 
times. For spherical macromolecules with (1 - 7~) 
= 0.25, an estimate forD/s may be obtained using 
the equation In (D/s) = -28.33 - 1 SO5 In (s). 

In summary, this study presents conditions and 
methods by which rapid simultaneous estimation of 
sedimentation coefficient and molecular weight may 
be obtained for nearly globular macromolecules. 
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